AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 1

20
1+ x

Let R be the region in the first and second quadrants bounded above by the graph of y = and

2
below by the horizontal line y = 2.

(a) Find the area of R.

(b) Find the volume of the solid generated when R is rotated about the x-axis.

(c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the
x-axis are semicircles. Find the volume of this solid.
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CALCULUS BC ' A i

SECTION I, Part A
Time-—45 minutes

Number of problems—3

A graphing calculator is required for some problems or parts of problems.

Do not write beyond this border.

Work for problem 1(a)
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SECTION II, Part A
Time—45 minutes

Number of problems—3

A graphing calculator is required for some problems or parts of problems.

Do not write beyond this border.
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CALCULUS AB lc
SECTION M, Part A /
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.
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AP® CALCULUS BC
2007 SCORING COMMENTARY

Question 1
Overview

This problem presented students with a region bounded above by the graph of a function and below by a
horizontal line. Because no picture was provided, students were expected to graph the function on their
calculators or use their knowledge of rational functions to sketch the graph, and then identify the appropriate
region from their graph. The points of intersection of the graph and the horizontal line could be found either
algebraically or with the calculator. Students needed to find, in part (a), the area of the region; in part (b), the
volume of the solid generated when the region was rotated about the x-axis; and in part (c), the volume of the
solid above the region for which the cross sections perpendicular to the x-axis were semicircles.

Sample: 1A
Score: 9

The student earned all 9 points.

Sample: 1B
Score: 6

The student earned 6 points: the region point, 2 points in part (a), 3 points in part (b), and no points in part (c). In

part (a) the student sets up the definite integral using symmetry and earned the region point. The student has the correct
integrand, which earned the first point in part (a). The answer is correct to three decimal places and earned the second
point. In part (b) the student continues to use symmetry in defining the limits of integration. The correct integrand
earned the first 2 points. The answer is correct to three decimal places and earned the third point. In part (c) the

student did not earn any points because the radius is incorrect.

Sample: 1C
Score: 3

The student earned 3 points: the region point, 2 points in part (a), no points in part (b), and no points in part (c). In
part (a) the student earned the region point by using the correct limits of integration. The student has the correct
integrand, which earned the first point in part (a). The answer is correct to three decimal places and earned the second
point. In part (b) the student did not earn any points because the washer method is not used correctly. In part (c) the
student did not earn any points because the radius is incorrect.
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Question 2

The amount of water in a storage tank, in gallons, is modeled
by a continuous function on the time interval 0 < ¢ < 7,

where ¢ is measured in hours. In this model, rates are given 2000 ©
as follows:

(1) The rate at which water enters the tank is
£(¢) = 100¢* sin (V£ ) gallons per hour for 0 < ¢ < 7.

2500

1500

1000

Gallons per Hour

(i1) The rate at which water leaves the tank is 500
250 for0<t<3 °
g(r) = {2000 for3 <t <7 gallons per hour. % 1 32 3 4 5 6 1

Hours

The graphs of f and g, which intersect at t = 1.617 and ¢ = 5.076, are shown in the figure above. At
time ¢ = 0, the amount of water in the tank is 5000 gallons.

(a) How many gallons of water enter the tank during the time interval 0 < ¢ < 7 ? Round your answer to
the nearest gallon.

(b) For 0 <¢ <7, find the time intervals during which the amount of water in the tank is decreasing.
Give a reason for each answer.

(¢c) For 0 <¢ <7, at what time ¢ is the amount of water in the tank greatest? To the nearest gallon,
compute the amount of water at this time. Justify your answer.

(a) I7 f(¢) dt = 8264 gallons 2: { I'+ integral
0 1 : answer
(b) The amount of water in the tank is decreasing on the 1 : intervals
intervals 0 < ¢#<1.617 and 3 <¢ < 5.076 because 2: { 1 : reason
f(t) < g(t) for 0 <t <1.617 and 3 < ¢ < 5.076.
(c) Since f(z) — g(t) changes sign from positive to negative 1 : identifies ¢ = 3 as a candidate
only at ¢ = 3, the candidates for the absolute maximum are 1 : integrand
at t =0, 3, and 7. 5:< 1:amount of waterat ¢t = 3
1 : amount of water at ¢ = 7
t (hours) | gallons of water 1 : conclusion

0 5000

3
3 |5000+ jo £(¢) dt — 250(3) = 5126.591

7
7 5126.591+j3f(z) dt — 2000(4) = 4513.807

The amount of water in the tank is greatest at 3 hours. At
that time, the amount of water in the tank, rounded to the
nearest gallon, is 5127 gallons.
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Question 2
Overview

This problem presented students with two functions that modeled the rates, in gallons per hour, at which water
entered and left a storage tank. The latter function was piecewise-constant. Graphs of each function were also
provided. In part (a) students had to use a definite integral to find the total amount of water that entered the tank
over a given time interval. Part (b) measured their abilities to compare the two rates to find, with justification, the
time intervals during which the amount of water in the tank was decreasing. This could be determined directly
from the graphs and the information given about the points of intersection, but students needed to be able to
handle the point of discontinuity in the piecewise-defined function. Part (c) asked for the time at which the
amount of water was at an absolute maximum and the value of this maximum amount to the nearest gallon. Again,
dealing with the critical point at the discontinuity was an important part of the analysis, as was using the net rate
of change during the first three hours and during the last four hours to compute the total amount of water in the
tank at = 3 and ¢t = 7, respectively.

Sample: 2A
Score: 9

The student earned all 9 points. Note that in part (b), in the presence of the correct numerical values in reported
intervals, errors in the use of open, closed, or half-open interval notation were ignored, and the student earned the
interval point. The student defines r(#) in part (b) and that definition may be used in part (c).

Sample: 2B
Score: 6

The student earned 6 points: 2 points in part (a), 2 points in part (b), and 2 points in part (c). In part (a) the student
gives the correct integral and the correct answer and earned both the integral and answer points. In part (b) the
student gives the correct intervals and a correct reason and earned both the interval and reason points. In part (c) the
student considers t = 0, ¢ = 3, and ¢ = 7 as candidates for the absolute maximum with the evaluation of the three
integrals presented. The student therefore considers ¢ = 3 a candidate and earned the first point. The student presents
the integrand f(¢) — g(¢) in an integral and earned the second point. The incorrect use of the rule for g(¢) results in

incorrect values for the amount of water at time ¢ = 3 and ¢ = 7, so the third and fourth points in part (c) were not
earned; and the student presents an incorrect conclusion, so the fifth point was not earned.

Sample: 2C
Score: 3

The student earned 3 points: 2 points in part (a), 1 point in part (b), and no points in part (¢). In part (a) the student
gives the correct integral and the correct answer and earned both the integral and answer points. In part (b) the
student reports an incorrect left endpoint on the second interval, so the interval point was not earned. The student
provides correct reasoning and earned the reason point. In part (c) the student never considers ¢ = 3 as a candidate
for the absolute maximum, so the first point was not earned. No integrand in an integral is presented, and the
amounts of water at = 3 and ¢ = 7 are not calculated. The second, third, and fourth points in part (c) were not
earned, and the student presents an incorrect conclusion, so the fifth point was not earned.
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Question 3

The graphs of the polar curves » = 2 and » = 3 + 2cos € are shown in y

the figure above. The curves intersect when 6 = 2z and 0 = 4—”

3 3
(a) Let R be the region that is inside the graph of » = 2 and also inside

(b) A particle moving with nonzero velocity along the polar curve given
by » =3+ 2cos @ has position (x(¢), ¥(¢)) at time ¢, with 8 =0

dr _ dr

dt — do

the graph of 7 = 3 4+ 2cos 6, as shaded in the figure above. Find the }
area of R. /

when ¢ = 0. This particle moves along the curve so that

Find the value of % at 8 = % and interpret your answer in terms of the motion of the particle.

(¢) For the particle described in part (b), % = % Find the value of % at 8 = % and interpret your
answer in terms of the motion of the particle.

(a) Area = %71’(2)2 + %J;Z//;(?, +2cos 0)° d6 1 : area of circular sector
~10.370 2 : integral for section of limagon
4: 1 : integrand
1 : limits and constant
1 : answer
dr dr dr
®) dt 6=r/3 - de 6=x/3 =172 2: b dt 6=n/3

1 : interpretation

The particle is moving closer to the origin, since dr <0

and r > 0 Whenﬁz%.
(c) y=rsinf =(3+2cosf)sinb 1 : expression for y in terms of &
d
A s 31
dt|g_z;z  dO)gzy3 Uo=r/3

1: interpretation
The particle is moving away from the x-axis, since
dy

=
dt>0andy>0whent9—3.
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Work for problem 3(b)
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END OF PART A OF SECTION Il
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK YOUR WORK ON
PART A ONLY. DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO.
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Question 3
Overview

This problem presented students with two curves described in polar coordinates with » as a function of . The
values of @ for which the two curves intersect were also given. Part (a) judged students’ ability to find the area of
a region bounded by curves described in polar coordinates. Parts (b) and (c) involved the behavior of a particle

moving with nonzero velocity along one of the polar curves (and with constant angular velocity % =1,

although students did not need to know that to answer the questions). Students were asked to compute % and

d_)t} at a specific value of 8, and then to interpret their answers in terms of the motion of this particle. The
interesting aspect of the motion was that at this instant, the distance of the particle from the origin was decreasing

while its vertical distance from the x-axis was increasing.

Sample: 3A
Score: 9

The student earned all 9 points.

Sample: 3B
Score: 6

The student earned 6 points: 4 points in part (a), 1 point in part (b), and 1 point in part (c). The student earned all
T
3
but the student does not interpret this value as the particle moving closer to the origin so the second point was not
earned. In part (c) the student correctly states y = rsin @ and earned the first point. The student incorrectly

4 points in part (a). The student correctly evaluates the derivative at § = =~ and earned the first point in part (b),

evaluates the derivative in part (c) and then fails to give an interpretation of the value of the derivative.

Sample: 3C
Score: 3

The student earned 3 points: 2 points in part (a), no points in part (b), and 1 point in part (c). The student did not
earn the first point for the circular area, but the integrand and the limits and constant points were earned for a
section of the limagon relevant to the problem. The student did not earn the answer point. In part (b) the student
does not evaluate the derivative and so was not eligible for the interpretation point. In part (¢) the student states
the correct form of the derivative of y = rsin @ and earned the first point. The student does not evaluate the

derivative at 6 = % and so did not earn the second point. The student was not eligible for the answer point.
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Question 4

Let f be the function defined for x > 0, with f(e) =2 and f”, the first derivative of f, given by f’(x) = x*In x.
(a) Write an equation for the line tangent to the graph of f at the point (e, 2).
(b) Is the graph of f concave up or concave down on the interval 1 < x < 3 ? Give a reason for your answer.

(c) Use antidifferentiation to find f(x).

(@) f'(e)=¢é 5. 1: f'(e)
" | 1 : equation of tangent line
An equation for the line tangent to the graph of f at the

point (e,2) is y —2 = & (x —e).

(b) f7(x)=x+2xInx. 3. 2: f"(x)
" | 1 : answer with reason
For1<x<3, x>0 and Inx >0, so f"(x) > 0. Thus,

the graph of f is concave up on (1, 3).

(c) Since f(x) = I(xz In x) dx, we consider integration by 2 : antiderivative
parts. 4:4 1:uses f(e)=2
u=Inx dv = x% dx 1 : answer
_ 1 _ 2 1.3
du—;dx V—J(x)dx—gx
Therefore,

f(x) = I(xz In x) dx

D O E (13.1)
—3xlnx J3x xdx

:%x3lnx—éx3+C.
Since f(e)=2, 2=& —€ 4 C and C =2 -2
’ 3 9 9
3
Thus, f(x) =%lnx—%x3 +2—§e3.
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NO CALCULATOR ALLOWED

CALCULUS BC
SECTIONII, Part B
Time-—45 minutes

Number of problems—3

No calculator is allowed for these problems.

Work for problem 4(a)

()= x*\nx
©(e) = e*ln(e) = e*

"

[l

Do not write beyond this border.

Work for problem 4(b)

P(%\) = %%} ox

= R) ¢ ()% = X T 2xIax
A COER 2 wl) = VO =)

§"(2) = 2+ KV)\0@) 2+ Hin2)

£(3) = 3+ 23M)W3d = 3¢ 6 (3)

1}

{t

f 15 concove VP on 1< X<¢3  becavse £ i) POS\ﬁvc on This
1 ntereal

Continue problem 4 on page 1]
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NO CALCULATOR ALLOWED

4

l Work for problem 4(c)—l

F(x) = xH\n %

ler U= \ny dv = KFdx
!
AV 2 a v 37\

S = L 3\ax -3 L 42 ax
3 3

3.

SR) = = 3C\ax - Ao+ C

A
3 Q
L= 2

1 S
2= 5@ )" qey ¢

> 3
2= & . & sc
3 q

Do not|write beyond this border.

3@3 63 - ?.‘_ej_
ENS a
3
2=%§-—+C_ L 3\ Y o3 \%‘133)
B -~ K
o> C(=3MM T q ( A
e |
- = =cC
2 A
\8__"2&3 ;
9 q
\8-2e”
S 9
GO ON TO THE NEXT PAG
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NO CALCULATOR ALLOWED
CALCULUS BC

SECTION I, Part B
Time-—45 minutes

Number of problems—3

No calculator is allowed for these problems.

Do not write beyond this Horder.

l Work for problem 4(a) ]

FO) = xS Inx
{'(e) = &

y-1= (x-€)
Yo X -e’t1

Work for problem 4(b)

¢ WX+ 1me)
FGe)

£(s) = )+ tex(ey
z X & Wxinx o

x @u-\x\: o
3 X =2y

\nyes "Q .
y-e T

TN NT

waA

ST T A s

\

——
e

Continue problem 4 on page 1
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Work for problem 4(c) »{/(k)».-. YI (HX doz ‘;&y \I:_ ﬁ
3
\(} _ Kl
—in K x J
3 3 X
3 3
%inx - *
ﬁ
£() ~ gﬁ (\wx - \\
3 3

Do not write beyond this border.

e~ LA~ AaTTaa AN OFT
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NO CALCULATOR ALLOWED

- CALCULUS BC
SECTION II, Part B
Time—45 minutes
Number of problems—3

+ 4

No calculator is allowed for these problems.

Work for problem 4(a)

m= P(c\ = ea.

e =de*+b /'y'-: e*x "‘(@—’Aea)
b= e,—;e.a‘ -

Work for problem 4(b)

Do not write beyond this border.

F'0)= 1l eax + X
]nh‘)‘q"‘a = +

Concove up, bk 1) 15 poshve

. Continue problem 4 on page 1
-10-
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\qx): j 0 (%) dx

+
Tobulor Trerelion

Y

Do notiwrite beyond this border.
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AP® CALCULUS BC
2007 SCORING COMMENTARY

Question 4
Overview

This problem presented students with the derivative of a function and an initial value. In part (a) students had to
use the given information to write an equation for the tangent line at the initial value. In part (b) they needed to
determine whether the graph of the function was concave up or concave down on a given interval and to justify
their answer. Part (c) asked students to use antidifferentiation to find an explicit formula for the function. This
involved using integration by parts, a BC-only topic.

Sample: 4A
Score: 9

The student earned all 9 points. Note that in part (b) the student includes the necessary reference to the interval
1 < x < 3 when discussing the concavity of the graph of f.

Sample: 4B
Score: 6

The student earned 6 points: 2 points in part (a), 2 points in part (b), and 2 points in part (c). In part (a) the student
has a correct numerical value for the slope and uses it to determine an equation of the tangent line. In
part (b) f"(x) = x + 2xIn x is correct, and the first 2 points were earned. The third point was not earned because

there is no comment about the concavity of the graph of f. In part (c) the student correctly uses integration by
parts and earned 2 points. Since there is no substitution for f(e) = 2 or a final solution for f(x), the last

2 points were not earned. The missing +C does not affect the antiderivative points but was required for the
remaining points.

Sample: 4C
Score: 3

The student earned 3 points: 1 point in part (a) and 2 points in part (b). In part (a) the student earned the point for a
correct f'(e). The student’s equation of the tangent line is incorrect. In part (b) f"(x) = x + 2xIn x is correct,

and the first 2 points were earned. The explanation is not sufficient since the student states that f'(2) is positive
instead of f"(2) is positive. For this problem, students were allowed to evaluate f’ at only two points to
determine whether f” is increasing or decreasing on the interval 1 < x < 3. In part (c) the student’s use of
integration by parts is incorrect.

© 2007 The College Board. All rights reserved.
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AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 5
! 0 2 5 7 1| 12
(minutes)
(o) 57 | 40 | 20 | 12 | 06 | 05
(feet per minute)

The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet, is modeled by a twice-differentiable function » of time ¢, where ¢ is measured in minutes.
For 0 < ¢ < 12, the graph of r is concave down. The table above gives selected values of the rate of change,

(1), of the radius of the balloon over the time interval 0 <z < 12. The radius of the balloon is 30 feet when

t = 5. (Note: The volume of a sphere of radius 7 is given by V' = %7[1’3 )

(a) Estimate the radius of the balloon when ¢ = 5.4 using the tangent line approximation at ¢t = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

(c) Use a right Riemann sum with the five subintervals indicated by the data in the table to approximate

12 12
.[0 #(t) dt. Using correct units, explain the meaning of J.o ¥'(t) dt in terms of the radius of the

balloon.

12
(d) Is your approximation in part (c) greater than or less than _[ o ¥'(t) dt ? Give a reason for your answer.

(@) r(54)=r(5)+r(5)At =30+2(0.4)=30.8 ft 5. { 1 : estimate
Since the graph of » is concave down on the interval " | 1: conclusion with reason
5 <t < 5.4, this estimate is greater than 7(5.4).
av._ 3(4) 2 4r L ar
® ‘3(3)’” dt 3:{2‘ dt
1:
‘i,—lt/ — 47(30)% 2 = 72007 ft3/min answer
=5

©) J;zr'(t) di = 2(4.0) +3(2.0) +2(1.2) + 4(0.6) +1(05) | { 1 : approximation

~193 fi 1 : explanation

12
J o #'(t) dt is the change in the radius, in feet, from

t =0 to ¢t = 12 minutes.

(d) Since r is concave down, 7’ is decreasing on 0 < ¢ < 12.| 1 : conclusion with reason
Therefore, this approximation, 19.3 ft, is less than

J';zr’(z) dt.

Units of ft® / min in part (b) and ft in part (¢) 1 : units in (b) and (¢)
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Work for problem 5(a)
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Do not write beyond this border.
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Continue problem 5 on page 13.
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| Work for problem 5(c) |
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r'(e) 57| 40 | 20 | 12 | 06 | 05
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[ Work for problem S(aﬂ \
B30+ 2x(x"5

R -0+ v 5 (x- 5)

Rx 30 ¢ lu(+-5)

B~ 104 -20
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R34 feet
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'j:-(: Y s Wessoired 2% = 5. '+h£ MCD S Ure ey
w"” LC ,FS,Y +L)7t"!_ roowhen = 5.4

l Work for problem 5(b) I

v} °“;L77r?

. 2
%\é— > Ty M

"13pI0q ST puOkaq 91 10U 0Q

Continue problem 5 on page 13.

-12-

©2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).



Do-not write beyond this border.

NO CALCULATOR ALLOWED

Work for problem 5(c) }

S= z(\z,{,gz.}!,?:{fj,é +G,5“)
55 )66 oo

12 . -
50 FHIH r(ﬂ; Lhe podivs of Lbe
bylloc at dime 7""“

Work for problem 5(d)

Fth (C) a fﬁt’é\k;w”v’é”i"" 'S 7*req7‘f/‘ Yhoinn

e ,
L) v G)DITL, 5. ree +le radia; 5

(acressivg, Fhe vigbt wvilee of eacl

a}?/’?h’r;mi%hn IS H’?é lf?*jée;% w/\«g 7%/"
each »thl-c#w/, so e |

’5 7)’(4‘[‘6,/\\

Approy lvmgl;s,,

N N R EE B

TTANYNAA OTTY NITALAN MTTAA 1NTT 0T

13-

©2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).

GO ON TO THE NEXT PAGE.



AP® CALCULUS BC
2007 SCORING COMMENTARY

Question b
Overview

The problem presented students with a table of values for the rate of change of the radius of an expanding
spherical balloon over a time interval of 12 minutes. Students were told that the radius was modeled by a twice-
differentiable function whose graph was concave down. Part (a) asked students to use a tangent line
approximation to estimate the radius of the balloon at a specific time and to determine if the estimate was greater
than or less than the true value. This tested their ability to use the information about the concavity of the graph of
the radius to make the appropriate conclusion about the behavior of the tangent line. In part (b) students had to
handle the related rate of change of the volume, given information about the rate of change of the radius. In part
(c) students had to recognize the definite integral as the total change, in feet, of the radius of the balloon from time
¢t = 0 minutes to time ¢ = 12 minutes and approximate the value of this integral using a right Riemann sum and
the data in the table. Part (d) asked students to decide if this approximation was greater than or less than the true
value of the definite integral. Again, they were required to use the information about the concavity of the graph of
the radius to make the appropriate conclusion about the behavior of the graph of the derivative. Units of measure
were important in parts (b) and (¢).

Sample: bA
Score: 9

The student earned all 9 points.

Sample: 5B
Score: 6

The student earned 6 points: 3 points in part (b), 1 point in part (c), 1 point in part (d), and the units point. In part (a)
the student finds the tangent line approximation correctly but does not compute the estimate nor state a conclusion or

reason. Thus no points were earned. In part (b) the student correctly finds Cg—lt/ using the chain rule and is therefore

eligible for the answer point. This answer is also correct. In part (¢) the student finds the correct approximation using
a right Riemann sum but fails to provide a correct explanation—this integral represents the change in radius, not the
radius, after 12 minutes. In part (d) the student correctly identifies the reason that the approximation is less than the
actual value: 7'(¢) is decreasing. The student earned the units point.

Sample: bC
Score: 4

The student earned 4 points: 3 points in part (b) and the units point. In part (a) the student calculates the estimate for
r(5.4) incorrectly and states that »'(¢) is positive rather than decreasing. In part (b) the student earned all 3 points
for correct use of the chain rule and the correct calculation of the result. In part (c¢) the student makes an error in
calculating the right Riemann sum and does not refer to the change in radius. In part (d) the student states that the
approximation is greater than the definite integral rather than less. The student earned the units point.
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AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 6

2
Let f be the function given by f(x) =e .

(a) Write the first four nonzero terms and the general term of the Taylor series for f/ about x = 0.

1-x* -
(b) Use your answer to part (a) to find lir% x—4f(x)'
X—> X

X 2
(c) Write the first four nonzero terms of the Taylor series for .[o e dt about x = 0. Use the first two

. /2 _2
terms of your answer to estimate _[ ., © "t

1/2 _p2
(d) Explain why the estimate found in part (c) differs from the actual value of I 0/ e’ dt by less than

1
200
2 22 2\3 2\"
e (=) ) () (%) ) &
= 1: Fl =2 2 X
(@ e L TR Ta T T e nl ;. two of I, —x7, =, =%
4 6 n_2n " | 1:remaining terms
_ 2 X x (-1)"x g
=1-x ty Tttt 1 : general term
1_x2 —f(x) 1 x2 oo (_1)n+1 x2n—4 .
(b) x—4=_§+?+ ZT 1 : answer
n=4
1-x> -
Thus, hm( i f(x)j =1
x—0 )C4
X
2 4 6 _ln 2n
(©) .[xe_’ dt = 1—t2+t——t—+---+u+-~- dt 1 : two terms
0 2 6 n! ..
0 3: 4 1:remaining terms
= x_ﬁ i_i 1 : estimate
3 10 42

Using the first two terms of this series, we estimate that

2 2 1 (1\(1)_ 11
Jo e ar=5-(3)§) =5

5
@ “;/Ze_tz di - % < (%) ' % - ﬁ < %00’ since 1 : uses the third term as
(1) 2: the error'bound
/2 _p = (-1) (E) o . 1 : explanation
J.o e dt= nz_;)m, which is an alternating
series with individual terms that decrease in absolute value
to 0.
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Continue problem 6 on page 15.
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Question 6
Overview

This problem dealt with Taylor series. Part (a) assessed students’ abilities to find the first four nonzero terms and

X

2
the general term of the Taylor series for f(x) = e " . Although it would be possible to do this by computing

derivatives of the function f, it was expected that students would start with the known Taylor series for the

exponential function and use substitution. Part (b) asked for a limit of an indeterminate form (%) involving the

function f. Students were asked to use their answer about the Taylor series for f rather than using repeated
applications of L’Hospital’s Rule. Part (c) required students to formally manipulate the Taylor series for f in a
way that could be used to estimate the value of a definite integral. Part (d) asked students to explain why the value
of the estimate differed from the actual value of the definite integral by less than %00 This question tested
whether students could correctly use and justify the error bound for an alternating series whose terms are

decreasing in absolute value to zero.

Sample: 6A
Score: 9

The student earned all 9 points.

Sample: 6B
Score: 6

The student earned 6 points: 3 points in part (a), no points in part (b), 2 points in part (c), and 1 point in part (d). In
part (a) the student has the first four nonzero terms and the correct general term so the first 3 points were earned. In
part (b) none of the student’s work earned any points. In part (c) the student makes an error in antidifferentiating the
last term so only the first point for two terms was earned. The estimation is correct and earned the third point. In
part (d) the student uses the third term as an error bound and successfully calculates ﬁ, and thus the first point
was earned. The second point was not earned since the student explains that this is an alternating series but does not
observe that the individual terms decrease in absolute value to 0.

Sample: 6C
Score: 4

The student earned 4 points: 1 point in part (a), no points in part (b), 3 points in part (c), and no points in part (d). In
part (a) the student earned the first point for 1 — x?. The other terms are incorrect, and there is no general term so no
other points were earned. In part (b), since the student’s limit does not exist, the student was not eligible for the point.
In part (¢) the student correctly antidifferentiates the polynomial from part (a) so earned the first 2 points. The
student’s correct estimation earned the third point. In part (d) none of the student’s work earned any points.
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